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Abstract:
Recently, the K-functions have been proposed by Sun et al; see [1] for details. This paper
intends to do more in-depth research and derivation on the characteristics of the K-functions.
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Introduction:

As we know, there are many special functions in engineering and academia. With the
research of more and more scholars on these special functions, various engineering applications are
derived and created; see [1]-[8] and the references therein. In particular, the K-functions of the first
type and the second type have been proposed and studied recently; see [1] for details. This paper will
focus on such K-functions, exploring its various properties in differential and definite integral.
Throughout this paper, some symbols are defined as follows: N = {1,2,3,-'-}, 7 = {0,1,2,3,---},

P ::(n—!)',and 0l=1.
n—mj.

Problem formulation and main results
The definition of the K-functions is as follows

Definition 1[1]. The first type of K-functions is defined by

K, (x,n):=x"cosx, with ne Z*. (1)
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Besides, the second type of K-functions is defined by
K, (x,n):=x"sinx, with ne Z". (2)
The related theorems about K-functions in indefinite integral are introduced as follows.

Lemma 1[1].

k
(1) J. (X 4k)dx Z L:k e sin x + Z( 4z+]x4k ! COSX — P1+2x4k_4l_2 sin x

i=0 i=0

— P Xt cosx)+ C, VkeZ,

k
() [ K (x4 +1)de =Y (P50 sin x+ B cosx)

i=0

k-1
4k+1_ 4k—4i-1 4k+l 4k—4i-2
—Z(Bh.f;x“’ sin x + Pyatx MY cosx)+C, VkeZ”,

i=0

=

2 4k—4i+2 4k+2 _4k—4i+l 4k+2 _4k—4
(iii) I K, (x,4k +2)dx = Z(ﬂjﬂ x M2 sin x + PP e cos x — Pt ’smx)
i=0

k-1
4k+2 _4k—4i-1
=Y Pt cosx+C, VkeZ',

i=0

k
(iv) J. K (x4k+3)dx=">" (Pﬁ"+3 x4 sin x + B x4 cos x

i=0

— PP gin x — PR MY cosx)+ o VicZg

»
P A

(v) I Kz(x,4k)dx: (me‘“‘ “sin x+ P x M cosx - P x M sin x)

I
(=]

Z P¥x* 4 cosx+C, VkeZ,

k
W) [ K(vdk+1)dr="Y (- B cosx + P sin x)

i=0

k-1
4k+1 _4k—4i-1 4k+1 _4k—4i-2 - +
+Z( Py x cosx—PF, 5 x smx)+C, VkeZ,

i=
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k
(vii) J. K, (x,4k + 2)dx = Z(_ Bék+2x4k—4z+2 o Bg/:zxztk—zm] sin x

i=0

k-1

4k+2 _4k—-4i 4k+2 _ 4k—4i-1 _- +

+ PR cosx)= Y P sinx +C, VkeZ',
i=0

k
(wiii) [ K,(vdk+3)dv =D (= P x* 47 cosx+ P x4 sin x

i=0

_4j Ak—4i -
+ P x4 cos x — PP x Y sin x)+ C, VkeZ.

First, we propose novel properties of the K-functions.

Theorem 1.

o gl B AT ARE e

(ii) [dchgx,n)} +[dK2(X,n)} :xzn_z(n2+x2)’ VkeZ':
X

2 ¢ 2 2
(i) {d 12(3"”)} J{d %(j"”)} _ et @ 2 w2 -1)] VEez'
X X

Proof. (i) and (ii)

M =nx"" cosx —x"sin x,
dx
dK,{xn) =nx"" sin x + x" cos x.
dx
Thus, one has 4 Ki(xn) K= K () +n 2§ and
dx Kz(x,n) 1 0 Kz(x,n) Kz(x,n—l)

[dK] (x,n)T +[dK2(x,n)T

dx dx

_ n-1 n o 2 n—-1 _* n 2
=\nx COSX—X SInx) +\nx SMmx+XxX COSX

2 2n-2 2 2 = 2 2 2n-2 . 2 2 2
=nx" cos" x+x"sin" x+nx""sin“ x+x"cos” x

2 .2n-2 2
=n"x"" +x™"

_ 22 (nz +x2)
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d’K,(x,n _ o
# = n(n—1)x"? cosx —2nx"" sin x — x" cos x;
(iii) { , 9x

2
—d [i; (Zx, n) = n(n - l)x"‘2 sin x+ 2nx"" cosx — x" sin x.
X

Obviously, we have

= n*(n=1Fx"* +4n’ x> + x*" = 2n(n—1)x*">

= x> [x4 + (Zn2 + 2n)x2 +n*(n— 1)2]
This completes the proof. o

So far, we propose related theorem about definite integrals of K-functions of the first type.

Theorem 2. Forany me N and k€ Z", one has

mzx k-l

(1) j ¥ cosxdr= > (~1)" P (ma ',

0 i=0

mmn
(ii) j 264 cosxdx = [( 1)"*’”_(_ ] 22/!:]"'2 l+m 22/:1 ﬂ)zk-zl’

0

7(2m-1)
% k YRR
i) | x*cosxdr=Y(~1)"" p[w} ,
0 i=0
7r(2m—]) k
7 2k-2i+1
(iv) [« cosxdr=(-1)" P + Z P[@} |
0
Proof.

(@)

mz k-1

2 i D2 2k-2i-1
J. x** cosxdx = {Z(—l)’PZif] 7 }-cosx
0

in view of (1) and (iii) of Lemma 1.
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(1) By (i1) and (iv) of Lemma 1, it results

mrnr
mrnr

j x" cosxdx = [( l)k-ﬂi’:ﬁ]-cosx]

0

mn k-1 ) ‘ ‘
2k+1 2k-2i
+ Y (=1) P X cosx

0

— [(_ 1)k+m _ (_ l)k] . PZZkI:] + z(_ 1)i+m . PZZII:-] X (m77,')2k_2i_

i=0

0

(111) Owing (1) and (ii1) of Lemma 1, we have

7r(2m—]

2 k

I x** cosxdx = {Z (—1) P2 . x*% sin x}

0 i=0 x:ﬂ(Zm—])
2

k 1+m+] 2k l: (2m_1)}2k—2i

1:0

Nawd

(1v) It yields

7r(2m—])

k
JZ. M cosxdx = —(=1) - P2 4 {z (—1) P2kt x 224 gin x}
0

i=0

x:ﬂ(Zm—])
2

2k-2i+1
( k+1 p2k 1+m+] 2k+] (2m > 1)
2k+] o Z 2

2

in view of (i1) and (iv) of Lemma 1. This completes the proof.

Finally, we propose related theorem about definite integrals of K-functions of the second

type.

Theorem 3. Forany me N and k€ Z", one has

mmr P
() | ™ sinxde=(=1f P 1R
0 i=0

mm k

(i) j i sin xdy =3 (<1 B2 (o P,

i=0

(=]

f 2k-2i-1
(iii) I x** sin xdx = P2k z l+m+] P - [—(2];1 = 1)} )
0
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7r(2m—])

7 s L\
(IV) J. x2k+l sin xdx = Z( 1)l+m+] P2k+l [M} .
0

2i+1
Py 2

Proof.
()

mr mrnr

k
. ] 97
jx“ sinxdy =" (=1)" - P - x* -cosx

0 i=0

0

2k 1+m+] 2k 2k—2i
= Py z Py (m”) )

in view of (v) and (vii) of Lemma 1.

(i) From (vi) and (viii) of Lemma 1, it results

mr k mm

J’ 2he+1 sin x dx = z(_ 1)i+l .P2§k+] .x2k—2i+] .COS X

0 i=0 0
k

— Z(_ 1)i+m+] X P2§k+] | (mﬂ')Zk_ZiH_

i=0
(111) Owing (v) and (vii) of Lemma 1, we have

7r(2m—]

Nawd

7(2m-1)

2 k 2
. 7. ] _2

J. x** sin x dx = [Z (-1l . x o -cosx}‘

0 0

i=0

k-1
+[ (1) - B 2% osin x}

0

=(-1 « 'sz + k- 1 i+m+1 Pzzf] | M 2k—2i—].
2k :

Py 2
(1v) It yields

z(2m-1) 2(2m-1)
k 2

2

2k+1 2k+1 2k-2i .
J.x"+ sinxdx =" (=1) - B - x* 7 sin x
0

i=0

0
k _ 2k-2i
i [

0 2

in view of (vi) and (viii) of Lemma 1. This completes the proof. o
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Examples: According to the results of Theorem 2 and Theorem 3, the following eight definite

integrals can be easily obtained.

x’cosxdx =—P°rn’ + P'n’ — P’ =—67° +1207° — 7207

O ) N

—.y

x'cosxdx=2P/ —P'n°+P/n* - P/n? =10080 - 72° +2107"* - 25207

(=]

T ¥ T ! T ? 7% 157*
X6COSde:E)6(5] —36(5] +Bf(5] —%6:6—4— 8 +907T2—720

O 0 [N

7 5 3
xcosxdx=P +P| 2| P Z| +P| 2| P/ Z
2 J 2 2

x’ o 21n°

= 5040+ ——
128 16

O 0 [ Y

+1057° —25207
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O ) N

—.y
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(=]

5 3 &
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2 2 b 16
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6 4 2 6 4
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O 0 [N

Conclusion:

In this paper, we have explored the relevant properties of the K-functions, and derive the
differential equations and definite integral properties of the K-functions respectively. Finally,
examples have also been given to verify the feasibility and effectiveness of the proposed main
results.
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